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We show that under appropriate conditions a Euler-Bernoulli beam, clamped at 
one end, with boundary controls at the other end, can be made uniformly, exponen- 
tially stable. The method can also be applied to multibeam structures with controls 
either at the end or somewhere along the structure. V’ 1989 Academic Press, Inc. 
1. INTRODUCTION 
With the advent of the design of large space structures and the need to 
make them as light as possible, it is inevitable that the need to dampen 
transient vibrations quickly would arise at an early stage. The simplest 
such problem is already visible in the long arm on the space shuttle: As the 
arm is moved and then stopped, how may the internal harmonics be dis- 
posed of so that metal fatigue will not cause the arm to break prematurely? 
As a first step in the examination of such problems, we attempt here to 
solve the problem of a single long arm, such as on the shuttle. More 
specifically we consider the problem of a long Euler-Bernoulli beam, 
clamped at one end, and, to dampen the vibrations quickly, with boundary 
controls at the other end. 
We assume that the beam satisfies the Euler-Bernoulli equation 
MY II+ EIY xxxx = 0, O<x<L, t>o 
with initial conditions 
Y(X, 0) = f(x), O<x<L, 
Y,(XY 0) = g(x)? O,<x<L. 
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We assume further that the end at x = 0 is clamped, so that the boundary 
conditions 
Y(O, t) = 0, t > 0, 
Y,(O, t) = 0, t > 0, 
hold. At the end x = L the situation is more complicated. A point force is 
applied, determined by the equation 
WAL t) = u,(t), a > 0, 
and a point bending moment is also employed, determined by 
-%x(L t) = u1(t), 
where u,(t) and u,(t) are externally determined controllers. The controllers 
are determined by using velocity feedback at x = L, and are designed so 
that 
u,(t) = by,& t), b>O 
and 
u,(t) = CYXAL t), c > 0. 
Here, clearly, y, represents the rate of change in position at x = L, while y,, 
is related to the rate of change in the angle of elevation. 
For further information, we cite [2, 31 as well as the references 
contained therein. 
Assembling this together, we are able to consider the mathematical 
problem 
my tt + EIY xxxx = 0, O<x<L, t>o 
Y(O, t) = 0, Y,(O, f) = 0, t>o 
Y.Y.JL t) - k, Yt(L t) = 0, t>o 
Y.JL t) + k,Y&? t) = 0, t>o 
with initial conditions 
Yk 0) =f(x), O<xfL, 
Y,(X, 0) = g(x), Odx6L. 
Here m denotes mass density per unit length, EI is the flexural rigidity, and 
k,, k, > 0 are constants involved in the boundary controls. 
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Separation of variables can be immediately employed. If y(x, t) = 
r(t) d(x), the differential equation splits into 
T” + A2T= 0 
q$‘, - $12qs = 0, u2 = m/EI. 
In order to separate the boundary conditions, we solve the T equation. We 
find that if T= Ce”‘, and ctA = p2, then 
d(O) = 0, fp’(0) = 0 
b”‘(L) -K, ijL2qqL) = 0, K, = k,/cl 
f(L) + K2ip24’(L) = 0, K, = k,/ci. 
For each pair 4, ,u, the T component is 
T= Cexp[i(p’/a)r]. 
For T= Ccc”‘, signs reverse in the boundary conditions at L for 4. 
Letting a,4 = -p2, the 4 boundary value problem is the same. Likewise, 
conjugation transforms T into Ce-‘I*. Hence 4 satisfies its conjugate 
boundary value problem. As a result we need only consider T= Ce”‘. Then 
conjugation will automatically produce those solutions associated with 
ce - ii.1 
2. THE BOUNDARY VALUE PROBLEM 
Let us consider 
$JY” - ,u44 = 0, 
4(O) = 0, qY(0) = 0 
d”‘(L) - K, ip2&L) = 0 
b”(L) + K2ip2&(L) = 0. 
Solutions to the differential equation are epx, e-g-‘, eipX, e -lpcx. If a linear 
combination of these is inserted into the boundary conditions, it is obvious 
that the boundary value problem has a solution if and only if 
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D(P) = 
= 0. 
Cole [4,5], Langer [6,7], and Birkhoff and Langer [l] have shown that 
there exists an infinite number of zeros {p,},Ei of D(p), and, including 
multiplicities. There exists an associated collection of eigenfunctions 
(4(x, pj)},“=, satisfying the boundary value problem. 
If further true that iff(x) is an arbitrary smooth function, then 
ftx)= f cjd(x9 11,) 
,=I 
on [0, L], where the coefficients ci are given by 
in the simplest solutions. The expansion is not an orthogonal expansion 
in the usual sense, but results from a contour integral of the Green’s 
function associated with the boundary value problem. There is a way 
to orthogonalize the functions {$ji)g ,, but is quite complicated [6, 
Formula 13.151. 
3. THE SOLUTION 
Separation of variables and conjugation shows that the solution to the 
beam equation can be written as 
AX, t)= f C~jexPC(4f/~)fl$(X, pj) + B, exP[(ipf/a)t] 4(x, -pj) 
j=O 
+ Cj exp[( - i$/a)t] #(xi, ipj) + D, exp[( -i$/a)t] 4(x, -ipj)]. 
The coefficients Aj, B,, C,, D, may be chosen so that when t = 0, 
y(x, 0) =f(x), and y,(x, 0) = g(x) in a manner similar to finding that 
coefficients when solving the wave equation by separation of variables. 
The problem remaining is to show that for appropriate choices of K,, 
K2, as t + co, y + 0 exponentially. 
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4. STABILITY 
We verify first that if K, > 0, K2 > 0, the zeros of D(p) generate values 
il= ip2/a lying only in the left half of the complex plane. Then we show 
that only finitely many values iA in any vertical strip -rn < iA d 0. Hence 
there is a number r > 0 such that 
iAj = $/a < -r < 0. 
4.1. LEMMA. Let K, > 0, K, > 0. Let Aj = 1.4 + iv be chosen so that 
Ai = pf/cx for j = 1,2, . . . Then v > 0. 
Proof: Let I$~ = 4(x, 11,). Then 
q57 - a’Aj dj = 0. 
Therefore 
and 
Subtracting the first from the second and integrating from 0 to L, we find 
=K~i(~j+A,)~~~(L)~2+K2i(~~+~~)~~~(L)~2. 
Since ij - AI = 2iv, if li + Aj # 0, 
If dj(L) and d,!(L) equal zero, then so do b,!‘(L) and by(L). Hence 4 is 
identically zero, which is impossible. Therefore if Ai + Xi # 0, v > 0. 
If Aj + Aj = 0, then the boundary value problem becomes 
f+9” + a’v’4 = 0 
40) = 0, d’(O) = 0, 
qY’( L) + K, au&L) = 0, 
b”(L) - K2 au&( L) = 0, 
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where A= iv, p’=iav, p4= --CI v . ’ ’ Because the problem is real, consider 
$=Red: We‘find 
v2ct21/h2 + Ic/l+b’” = 0. 
Integrate from 0 to L, using integration by parts on the second term. Insert 
the boundary conditions to find 
v2ct2 1” $2 dx + I’ (\1/“)2 dx = K, m+(L)’ + K2cm(ljqL))2, 
0 0 
and so v>O. 
Since v > 0, iAj = iu - v, and e”)’ = e’“‘e-“I decays exponentially as t + CQ. 
The individual terms ei@ 4,(x) approach 0 exponentially as t --) co. 
It is possible, however, that Re(iAj) --) 0 as j + 00 making uniform 
exponential decay impossible. We show this is not the case. 
4.2. LEMMA. In any vertical strip, -m f Re(il) < 0, there can exist only 
finitely many terms ii,. 
ProoJ The region -m < Re(iA) < 0 is the same as m > Im(A) > 0. Since 
p’=d, if we let p=r+is, we find 
A= (r2 - s’)/oz + 2irslcr 
and so crm/2 > rs > 0. This describes two regions bounded by the hyperbola 
rs = am/2 and the r and s axes (see Fig. 1). 
The problem is resolved if the shaded region contains only finitely many 
zeros of D(h). 
FIGURE 1 
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Setting D(,u) =0 in the first quadrant, letting r + co, s + 0, we find 
asymptotically, after reducing the determinant D(p), that 
-2eP”sinr+e’coss-e’sins2:O 
2eP”cosr-e’sins+e’coss-0. 
Multiplying the first by cos s, the second by sins, and adding, we find 
2eC”sin(r-s)+e’2!0. 
This is impossible. 
Letting s + co, r -+ 0, we find similarly that 
2eC’sin(r-s)+e”=O. 
This is likewise impossible. 
The results are the same in the third quadrant, and so there exist only 
finitely many llj such that -m < Re(i&) < 0. 
4.3. LEMMA. There exists a number r0 such that Re(iA,) d -r,, < 0 for all 
/l,,j= 1, . ..) co. 
Proof: Since only finitely many Aj exist such that 
-m d Re(ii,) < 0, 
the numbers Re(iAj) have an upper bound -rO < 0. 
4.4. THEOREM. The solution to the Euler-Bernoulli beam problem with 
boundary control is uniformly exponentially stable. All solutions approach 0 
exponen tialiy as t + 00. 
Proof: We can write 
y(x, t) = epro’ f [Aje(ii/+‘O)‘qj(x, pj) + Bje(i’/+ro)‘q$(x, -p,) 
,=I 
+ C.e’-“~+‘O)‘q$(x, ipj) +~,e(-“~+‘o)‘q$(x, -ipj)]. , 
The exponents within the sum have nonpositive real part. The term in front 
provides the decay. 
5. REMARKS 
The technique employed within this article can also be used to stabilize 
the vibration of two beams joined end to end with suitable controls inser- 
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ted where they join. The only real modification is that D(p) is replaced by 
an 8 x 8 determinant. 
Littman and Marcus [S, 93 have also done extensive work on this 
problem. We recommend interested parties consult their articles. 
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